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Abstract
In this article, we produce the coding rules of billiards for a class of ideal polyhedrons
in the 3-dimensional hyperbolic space. Building on it, further we establish conjugacy
between the space of pointed billiard trajectories and the corresponding shift space of
codes. This opens up a direct route to study the related geometric properties via the
analytical tools available in Symbolic Dynamics.
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1 Introduction
In this article, we investigate the coding of billiards in a class of polyhedrons in the 3-
dimensional hyperbolic space. Our polyhedrons sit in the Poincare´ ball model B3 = {(x, y, z) ∈
R3 ∶ x2 + y2 + z2 < 1} with vertices lying on the boundary ∂B3. Thus for such a class of
polyhedrons all vertices sit at infinity under the hyperbolic distance. We will call this class
ideal. For a fixed ideal polyhedron, we define a billiard trajectory by letting a point inside
the polyhedron run its course with uniform speed along geodesics until it hits a face of the
polyhedron, wherein it reflects elastically observing the laws of specular reflection in the
hyperbolic plane defined by the incident geodesic and the normal geodesic at the point of
hit. After the hit it follows the reflected geodesic till another face of polyhedron comes in
its way. The process is repeated infinitely in future. The same can be said about its past
by imagining the point running in reverse direction. Combining the past and future, we get
a bi-infinite collection of geodesic segments, which we label as a billiard trajectory. It is to
be noted here that we don’t take into account those points which hit an edge or a vertex
of the polyhedron in the past or the future. By large we are interested in non-truncated
past and future. We label the faces of the polyhedron arbitrarily with symbols. Isolating a
billiard trajectory, we notice that it naturally generates a bi-infinite sequence of symbols that
comprises of the symbols tumbling out as the point moves inside the polyhedron hitting the
faces turn wise. We pick a geodesic segment from the billiard trajectory and call it the base
of the pointed billiard trajectory. Analogously, we get a base symbol in the corresponding
bi-sequence of symbols. We call this new entity the code for the pointed billiard trajectory.
The main problem that we answer here is the classification of the pointed billiard trajectories
for the class of ideal polyhedrons via certain grammar rules on the associated shift space.
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In section 2, we describe the basic elements that are needed to deal with the problem
while describing the billiard map for the billiards in the hyperbolic space. The section 3.1
introduces the concept of pointed geodesics for billiards in ideal polyhedrons. We establish
a metric on the space of pointed geodesics which is topologically equivalent to the Hausdorff
metric. In section 3.2, we prove the main result which establishes the coding rules for the
billiard trajectories for a class of ideal polyhedrons in the hyperbolic space. Using it, we
prove the conjugacy between the space of pointed geodesics and the associated symbolic
space.
The coding of billiards in the hyperbolic plane has been studied in [3, 7, 8, 14]. While
the problem in 2-dimensions is well supplemented by the geometric intuition one gets from
the two dimensional models of the hyperbolic plane, the case of higher dimensions is devoid
of anything of that sort. Due to this, the work in 3-dimensions and higher is limited to the
problem involving relativistic billiards that has been dealt in [4, 5, 6, 15].
2 Preliminaries
In this section we lay down basic notions to be used further.
2.1 Hyperbolic 3-space
The hyperbolic 3-space is a 3-dimensional Riemannian manifold with a constant negative
curvature (sectional). It is a natural extension of the more commonly appearing hyperbolic
plane to three dimensions. The hyperbolic plane cannot be embedded in R2 and thereby is
studied using various models, most common being the Poincare´ half plane model denoted
H2 and the Poincare´ disc model denoted D2, see e.g., [1]. Same holds true for the hyperbolic
3-space which is dealt with two commonly used models - Poincare´ half space model denoted
H3 and Poincare´ ball model denoted B3.
The Poincare´ half space model is defined with the underlying space as H3 = {(x, y, z) ∈
R3 ∶ z > 0} and an attached metric given by
ds2 = dx2 + dy2 + dz2
z2
We think of the boundary of H3 as the complex plane C with the natural embedding and a
point at infinity. This allows us to extract the isometry group of H3 in terms of the available
isometry group of C. If γ ∶ [a, b] → H3 is a path in H3 that is parameterised in [a, b] by
γ(t) = (x(t), y(t), z(t)), then the length lH3(γ) of the path γ is defined by
lH3(γ) = ∫
γ
√
dx2 + dy2 + dz2
z
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Given two points A,B ∈ H3, the distance between them is dH3(A,B) = inf(lH3(γ)) where
the infimum is taken over all the paths from A to B.
The Poincare´ ball model is defined with the underlying space as B3 = {(x, y, z) ∈ R3 ∶
x2 + y2 + z2 < 1}. The metric on B3 is given by the line element
ds2 = 4(dx2 + dy2 + dz2)(1 − (x2 + y2 + z2))2 .
If γ ∶ [a, b] → B3 is a path in B3 that is parameterised in [a, b] by γ(t) = (x(t), y(t), z(t)),
then the length lB3(γ) of the path γ is defined by
lB3(γ) = ∫
γ
2
√
dx2 + dy2 + dz2
1 − (x2 + y2 + z2) .
Given two points A,B ∈ B3, the distance between them is dB3(A,B) = inf(lB3(γ)) where the
infimum is taken over all the paths from A to B. We can establish isometries between H3
and B3 analogous to the Cayley map between H2 and D2. For a more detailed account on
the hyperbolic space, [2, 12] are suggested and for an intuitive understanding of the same,
[17] is recommended.
2.2 Geodesics and Polyhedrons in the Hyperbolic Space
With the notion of distance on a geometric space, the question of straight lines or geodesics
arises naturally. Roughly, these are the locally distance minimising curves of the space.
For H3, the geodesics are the euclidean straight lines perpendicular to the {z = 0} plane
and the euclidean semicircles hitting the {z = 0} plane orthogonally. The boundary of H3
denoted ∂H3 comprises of the plane {z = 0} and a point at infinity. The objects analogous
to planes in Euclidean geometry in case of Hyperbolic geometry are called hyperbolic planes.
A hyperbolic plane in H3 model is either a euclidean plane hitting perpendicularly at the{z = 0} plane or a euclidean hemisphere with its center lying on {z = 0} plane.
For B3, the geodesics are the euclidean straight lines passing through origin and the
portions of euclidean circles lying in B3 and hitting ∂B3 orthogonally. The boundary of
B3 comprises of the euclidean unit sphere centered at the origin. A hyperbolic plane in B3
model is either part of a euclidean plane passing through the origin lying in B3 or part of a
euclidean hemisphere inside B3 with its center lying on ∂B3.
A subset A of the hyperbolic space is convex if for each pair of distinct points x and
y in A, the closed line segment lxy, joining x to y is contained in A. All hyperbolic lines,
hyperbolic rays, hyperbolic line segments, hyperbolic planes, connected subsets of hyperbolic
planes are convex. Consider a hyperbolic plane P , the complement of P in the hyperbolic
space has two connected components, which are the two open half spheres determined by P.
4
We refer to P as the boundary plane for the half spheres it determines. Open half spheres
and their closures are also convex in hyperbolic space.
Let S = {Sα}α∈Λ be a collection of half spaces in the hyperbolic space and for each α ∈ Λ,
let Pα be the bounding plane for Sα. The collection S is called locally finite if for each point
a in the hyperbolic space, ∃  > 0 such that only finitely many bounding planes Pα intersect
the open hyperbolic ball U(a) where U(a) = {b ∈ H3 ∶ dH3(a, b) < }.
A hyperbolic polyhedron is a closed convex set in the hyperbolic space that can be ex-
pressed as the intersection of a locally finite collection of closed half spaces. With this
definition some degenerate objects still enter the picture. Simplest example that we can take
is that of any hyperbolic plane P which satisfies the criteria but has empty interior. To dis-
allow this we must ensure that a hyperbolic polyhedron is nondegenerate which are the ones
with nonempty interior. Here we will consider only nondegenerate hyperbolic polyhedrons.
Suppose Π be a hyperbolic polyhedron and P a hyperbolic plane such that Π intersects
P and Π is contained in a closed half space determined by P . If the intersection Π ∩ P is a
point then we call it a vertex of Π. If Π∩P is a hyperbolic line or a hyperbolic line segment,
it is called an edge of Π. If Π ∩ P is P itself or its closed 2-dimensional connected subset,
then it is called a face of Π.
Let Π be a hyperbolic polyhedron and e be an edge of Π that is the intersection of two
faces F1 and F2 of Π. Let Pi be the hyperbolic plane containing Fi ∀ i = 1,2. Then P1 ∪ P2
divides the hyperbolic space into four connected components, out of which one contains Π.
The interior angle of Π at e is the angle between P1 and P2 measured in the component of
P1 ∪ P2 containing Π. A hyperbolic polyhedron Π has an ideal vertex at a vertex v if there
are two adjacent faces of Π that share v as an endpoint on the boundary of the hyperbolic
space.
A finite-faced polyhedron Π in the hyperbolic space is called reasonable if it does not
contain an open half-space. A hyperbolic k-hedron is a reasonable hyperbolic polyhedron
with k faces. A compact polyhedron is a hyperbolic polyhedron whose all vertices are in the
hyperbolic space. For k ≥ 4, an ideal k-hedron is a reasonable hyperbolic polyhedron Π that
has k faces with all the vertices lying on the boundary of the hyperbolic space. A polyhedron
is isogonal if all its vertices are of same type i.e., each vertex is surrounded by the same
number of faces and has same solid angle. Some features of an ideal polyhedron call for
attention. The primary one being that the faces of an ideal polyhedron are themselves ideal
polygons on which the billiard codes have been studied in [3, 7, 14]. An k-faced polyhedron
has (k + 4)/2 vertices whose surface can be divided into k faces consisting of ideal triangles.
In particular, ideal polyhedrons come only as even-faced. Since area of each ideal triangle is
pi, the total surface area of the polyhedron itself comes out to be kpi.
This allows one to pose an interesting question of the relationship between the space of
codes corresponding to the billiards on faces of a polyhedron with the space of codes for the
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bodily billiards that we seek to study in this article.
Secondly, not all euclidean polyhedrons have their ideal hyperbolic counterparts. A
necessary condition for the existence of an ideal polyhedra corresponding to a euclidean
polyhedra is if its vertices can be simultaneously put on a circumscribing sphere. If two ideal
polyhedrons have the same number of vertices then they have the same surface area.
All plane face angles and solid angles at the vertices of an ideal polyhedron are zero. The
angles between the faces (dihedral angles) are nonzero with their supplementary counterparts
summing up to 2pi. Thus for an ideal isogonal tetrahedron, the dihedral angles come out to be
pi/3. In this article, we are primarily focused on ideal isogonal polyhedrons. Figure 1 depicts
a typical ideal tetrahedron. For further details on low-dimensional geometry, [2, 12, 16, 17]
are recommended. [10] provides for a classical discussion on the related theory of fields.
2.3 Billiards in the Hyperbolic Space
We will consider the Poincare´ ball model B3 of the hyperbolic space and carry out our
investigations with the class of ideal hyperbolic polyhedrons which we call simply ideal
polyhedrons.
Let Π be a k-faced ideal polyhedron in B3. A billiard trajectory in the polyhedron Π
is a directed geodesic flow between each pair of consecutive specular bounces of the bound-
ary(not containing the vertices and edges) of Π. We have a simple choice for the coordinate
system for the directed geodesic arcs. We parameterize the boundary of the Poincare´ ball
B3 using the azimuthal angle(longitude) denoted θ and the polar angle(latitude) denoted
φ by considering it as a subset of R3. Thus, we can represent a directed geodesic by the
pair ((θi, φi), (θf , φf)), where (θi, φi), (θf , φf) are the intercepts made by a directed geodesic
on ∂B3 with the direction being from (θi, φi) to (θf , φf). In this setting we have a natural
metric on ∂B3 which records the great-circle distance between two points of ∂B3 in terms of
latitudes and longitudes.
The evolution of geodesic arcs during reflection is given by the bounce map which we
define as follows: the pair ((θi, φi), (θf , φf)) remains constant between any two consecutive
bounces and is changed to a new pair ((θ′i, φ′i), (θ′f , φ′f)) at each bounce, where the relation-
ship is given by
((θi, φi), (θf , φf))↦ ((θ′i, φ′i), (θ′f , φ′f)) = T ((θi, φi), (θf , φf)).
We label T as the bounce map which is described as follows: Consider a geodesic arc in
Π given by ((θi, φi), (θf , φf)). Suppose it hits a point a on a face F of Π. Since F is an
orientable surface, we pick the inward unit normal ηa to F at a and select the unique geodesic
emanating from a lying in the plane containing the incident ray ((θi, φi), (θf , φf)) and ηa,
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Figure 1: An ideal polyhedron in H
which is the reflection of the incident ray in the mirror ηa. The reflected ray ((θ′i, φ′i), (θ′f , φ′f))
takes the direction that goes away from the point a.
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A billiard trajectory is a curve that is parameterized by the arc-length and consists of the
geodesic arcs which are reflected by the faces of the polyhedron Π. Therefore, a trajectory
can be expressed as
γ = ((θni , φni ), (θnf , φnf ))n∈Z
where ((θni , φni ), (θnf , φnf )) = T ((θn−1i , φn−1i ), (θn−1f , φn−1f ))
We do not consider the billiard trajectories starting or ending in vertices or edges of Π.
2.4 Tessellating the Hyperbolic Space and the Unfolding of Bil-
liard Trajectories
We can pick any model H3 or B3 for the hyperbolic space. A tessellation of B3 is a subdivision
of B3 into polyhedron tiles Πi, i ∈ Λ satisfying the following conditions:
(1) ∀ a ∈ B3, ∃ i ∈ Λ such that a ∈ Πi,
(2) ∀ i ≠ j, Πi ∩ Πj is either empty, a single vertex common to both, a single common
edge or an entire common face,
(3) ∀ i ≠ j, ∃ an isometry fi,j of B3 such that fi,j(Πi) = Πj.
The definition for H3 follows on same lines. Informally speaking, a collection of tiles
tessellate the hyperbolic space if they cover it, don’t overlap, and are of same shape and size.
Let Π be an ideal polyhedron in the hyperbolic space. Then, we can reflect it across each
one of its faces and the same procedure can be applied to the reflections and so on. The
collection of all such ideal polyhedrons obtained, along with Π gives us a tessellation of B3.
This technique is referred to as Katok-Zemlyakov unfolding method and was introduced by
A.B.Katok and A.N.Zemlyakov [9].‘
If we consider the case of a tetrahedron, its faces are labeled as 1,2,3,4 in an arbitrary
order. On reflection about a face i, the labels on respective faces change to 1i,2i,3i,4i.
This labelling proceeds in the same way for further reflections. The details of the unfolding
technique in the context of hyperbolic plane is described in [14].
This converts an ideal polyhedron in a hyperbolic space into a ‘tube’ of isometric poly-
hedrons for a given trajectory in which the trajectory appears as a full geodesic. Under this
technique a billiard trajectory in a polyhedron Π can be unfolded in an intuitive procedure
as follows: Instead of reflecting the trajectory in a face of Π, we reflect Π itself in that face
which gives a copy of the reflected ray in the new polyhedron. The join of this new directed
geodesic segment with the incident ray in Π lies on a geodesic. Thus the billiard trajectory
gets unfolded at the hit point. When we apply this procedure to the whole billiard trajectory,
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it gives us a straightened version of the billiard trajectory, which we call the unfolded billiard
trajectory corresponding to the billiard trajectory we started with.
2.5 Symbolic Dynamics
When describing the trajectories of particles over time in a typical dynamical system, we
often look at the state space at fixed intervals of time. This discretisation is studied under
Symbolic Dynamics. Some symbols are assigned to the states which gives us a sequence that
represents the trajectory discreetly. Although lot of information is lost while discretising the
state space, still lot can be said about the trajectories while simplifying the analysis tools.
Through this we are interested in the long time behaviour of the trajectories.
Formally, we fix a finite set A of symbols called the alphabet. We define the full A shift
as the space of all bi-infinite sequences of symbols from A. It’s denoted by
AZ = {x = ...x−1.x0x1... ∶ xi ∈ A ∀ i ∈ Z}.
with the product topology given by the metric
d(x, y) = inf { 1
2m
∶ xn = yn for ∣n∣ <m} , (1)
for two sequences x = ...x−1.x0x1... and y = ...y−1.y0y1... ∈ AZ.
The dynamics on the full shift is launched by the shift map σ defined by
(σ(x))i = xi+1.
A shift space is a closed and invariant set X ⊆ AZ.
For any n ∈ N, w ∈ An is a word of length n, and we specify length of w as ∣w∣ = n. If the
word w is a part of the word v then we say that w is a subword of v and we write w ⊏ v.
For any x ∈ AZ, we write w ⊏ x if w appears in x as a block, i.e. w = x[k,k+n] =
xkxk+1 . . . xk+n and for m ∈ N, we write the concatenation wm = w . . .w´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
m-times
. The collection of all
nonempty words in AZ is A∗ = ⋃
n∈NAn.
Let L(X) ⊂ A∗ be the language of shift space X i.e. the set of all nonempty words
appearing in any x ∈ X. Let F ⊂ A∗ be the set of blocks that never appear in any x ∈ X.
Usually we can write the shift space X as XF for some collection F of forbidden blocks overA, i.e. F ⊆ L(X)c. Every shift space can also be defined by its language X = XF = XL(X)c .
Notice that for X = AZ we have F = ∅.
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For the shift space X ⊆ AZ, the system (X,σ) is called a subshift.
(XF , σ) is called a subshift of finite type (SFT) if the list of forbidden words F can be
taken to be finite.
For a more detailed account on this subject, [11, 13] are recommended.
3 Pointed Geodesics and Billiards in an Ideal polyhe-
dron
The concept of pointed geodesics was first introduced in [14] in the context of billiards inside
certain classes of polygons in the hyperbolic plane. Here, we extend these definitions to the
hyperbolic space.
3.1 Pointed Geodesics
Definition 3.1. Let γ = ((θni , φni ), (θnf , φnf ))n∈Z be a billiard trajectory in a polyhedron Π in
B3. For a fixed n ∈ Z, we will call ((θni , φni ), (θnf , φnf )) as a base arc of the trajectory γ.
We note that every base arc is a compact subset of B3. A base arc uniquely determines
the billiard trajectory under the restrictions imposed by the specular reflection rule.
Definition 3.2. For the base arc ((θi, φi), (θf , φf)) defining γ, we call (γ, ((θi, φi), (θf , φf)))
a pointed geodesic.
Thus a pointed geodesic (γ, ((θi, φi), (θf , φf))) is identified with the element
. . . (T −1((θi, φi), (θf , φf))).((θi, φi), (θf , φf))(T ((θi, φi), (θf , φf))) . . . ∈ K(B3)Z
by clearly pointing out the position of the base arc ((θi, φi), (θf , φf)). A natural way of
encoding a pointed geodesic is to seize the order in which it hits the faces of Π, starting
from the side hit by the base arc and then reading the past and future hits of the trajectory
and pointing out the symbol corresponding to the base arc. If we label the faces of Π with
letters 1,...,k, then every pointed geodesic produces a bi-infinite sequence ...a−1.a0a1... with
aj ∈ {1, ..., k}.
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Definition 3.3. Define
G = GΠ = {(γ, ((θi, φi), (θf , φf))) ∶ γ = (T n((θi, φi), (θf , φf)))n∈Z}
as the space of all pointed geodesics on Π.
Here, T 0((θi, φi), (θf , φf)) is simply denotes ((θi, φi), (θf , φf)).
G ⊊ K(B3) and so G can be equipped with the natural Hausdorff metric dH , and so is
endowed with the Hausdorff topology.
We define a function dG ∶ G ×G→ R as follows:
dG((γ, ((θi, φi), (θf , φf))),(γ′, ((θ′i, φ′i), (θ′f , φ′f))))= max{d∂B3((θi, φi), (θ′i, φ′i)), d∂B3((θf , φf), (θ′f , φ′f))}. (2)
Proposition 3.1. Let G be the space of pointed geodesics on a polyhedron Π in B3, then dG
defines a metric on G.
Proof. Clearly, dG is non-negative. If
dG((γ, ((θi, φi), (θf , φf))), (γ′, ((θ′i, φ′i), (θ′f , φ′f)))) = 0,
then
d∂B3((θi, φi), (θ′i, φ′i)) = 0, d∂B3((θf , φf), (θ′f , φ′f)) = 0.
Therefore, (θi, φi) = (θ′i, φ′i), (θf , φf) = (θ′f , φ′f) implying ((θi, φi), (θf , φf)) = ((θ′i, φ′i), (θ′f , φ′f)).
If the base arcs of two pointed geodesics match then the corresponding trajectories are also
same due to the dynamics provided by the bounce map. Therefore,
(γ, ((θi, φi), (θf , φf))) = (γ′, ((θ′i, φ′i), (θ′f , φ′f)))
The symmetry and triangle inequality for dG follows from the respective properties of d∂B3 .
Therefore, dG is a metric on G.
We show that the Hausdorff topology on G is same as the topology on G given by dG.
Recall that dH on G can be given as follows:
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dH((γ, ((θi, φi), (θf , φf))), (γ′, ((θ′i, φ′i), (θ′f , φ′f)))) ∶= dH(((θi, φi), (θf , φf)), ((θ′i, φ′i), (θ′f , φ′f)))= max{ sup
Q∈((θi,φi),(θf ,φf ))d(Q, ((θ′i, φ′i), (θ′f , φ′f))), supQ∈((θ′i,φ′i),(θ′f ,φ′f ))d(Q, ((θi, φi), (θf , φf)))}
(3)
The above definition works because γ is uniquely determined by its base arc and if γ ≠ γ′
then dH((γ, ((θi, φi), (θf , φf))), (γ′, ((θ′i, φ′i), (θ′f , φ′f)))) > 0. Thus, this notion of distance
between two pointed geodesics is the Hausdorff distance between the corresponding base
arcs. We denote the space of all base arcs on a polyhedron Π that are associated with
billiard trajectories by B(Π) or simply B, when the context is clear. Note that B ⊂ K(B3)
and is a bounded subset of B3 when Π is compact. Here, K(X) denotes the space of all
compact subsets of X, endowed with the Hausdorff topology. Thus, in this case, the Vietoris
topology and Hausdorff topology are equivalent on B. We, thereby get a natural isometry
between (G, dH) and (B, dH) for any ideal polyhedron Π, giving a one-one correspondence
between the Vietoris topology on B and the topology generated by dH on G. Under the
same pretence, we also have the dG metric on B and the natural isometry between (G, dG)
and (B, dG).
Theorem 3.1. Let G be the space of pointed geodesics on a polyhedron Π in B3, then dG
and dH generate the same topology on G.
Proof. With the above discussion, it suffices to prove that dG and dH generate the same
topology on B. The topology on B given by the metric dH is the induced topology on
B ⊂ K(B3). For  > 0, consider
V = {((θ′i, φ′i), (θ′f , φ′f)) ∶ dG(((θ′i, φ′i), (θ′f , φ′f)), ((θi, φi), (θf , φf))) < }.
Therefore,
d∂B3((θ′i, φ′i), (θi, φi)), d∂D((θ′f , φ′f), (θf , φf)) < .
Without loss of generality, we assume that  is small enough such that the -tube of the base
arcs about ((θi, φi), (θf , φf)) doesn’t contain any vertex or edge of Π, as has been shown in
figure 2. Consider the open balls U1, U2, ..., Un in B3 such that
((θi, φi), (θf , φf)) ⊂ ∪ni=1Ui, ((θi, φi), (θf , φf)) ∩Ui ≠ ∅ ∀ i = 1, ..., n
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and each Ui lying inside the -tube. Since < U1, ..., Un > is open in K(B3), therefore
B ∩ < U1, ..., Un >
is open in B and is lying in the -tube. Therefore, we have
((θi, φi), (θf , φf)) ∈ B ∩ < U1, ..., Un > ⊂ V.
Figure 2: An -ball about a pointed geodesic
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Conversely, take a basic open set B ∩ < U1, ..., Un > containing a base arc ((θi, φi), (θf , φf)).
Without the loss of generality, we assume that U ′is are open discs in B3. Define
Wij = {p ∈ B3 ∶ p ∈ Ui ∩ Uj ∀i, j ∈ {1, ..., n}, i ≠ j}.
Note that each Wij is either ∅ or contains two points. Define
W0 = {p ∈ B3 ∶ p ∈ (Ui ∩ (∂Π)k) ∪ (Ui ∩ (∂Π)k+1) ∀ i = 1, ..., n}.
Here, (∂Π)k denotes the face of the polyhedron with label k. Define
W = (∪ni,j=1,i≠jWij) ∪W0
and choose
δ < infp∈W (d∂B3(p, ((θi, φi), (θf , φf)))).
Then, the δ-tube
V = {((θ′i, φ′i), (θ′f , φ′f)) ∶ dG(((θ′i, φ′i), (θ′f , φ′f)), ((θi, φi), (θf , φf))) < δ}
lies inside B ∩ < U1, ..., Un >.
3.2 Billiards in Ideal polyhedrons
Lemma 3.1. Let x ∈ B3 be a fixed point. Then every hyperbolic plane p ∈ B3 which does not
contain x divides B3 into two open half spaces H+p and H−p with x ∈H−p . Further, let (pn)n≥0
be a sequence of hyperbolic planes with the additional properties that
(1) pn+1 ⊂H+pn for all n and
(2) d(pn, x)→∞.
Then the halfspaces H+pn determine a unique ideal point η ∈ ∂B3 and each geodesic originat-
ing from a point y ∈ H−p0 and ending in η penetrates successively once through each of the
hyperbolic planes (pn)n≥0.
Theorem 3.2. For a fixed k ∈ 2N + 2, let Π ⊂ B3 be a k-faced ideal polyhedron with labelling
as follows: Mark the faces 1,2, ..., k in an arbitrary order and then the vertex defined by
faces i1, ..., im takes the label i1...im for each ij ∈ {1, ..., k}. Let Ωij denote the interior angle
between the pair of faces of Π labelled i and j ∀ i ≠ j and i, j ∈ {1, ..., k}. Further, assume that
λij = pi/Ωij ∈ N for each i ≠ j and i, j ∈ {1, ..., k}. Then an equivalence class [...a−1.a0a1...]
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denoted (aj) with ...a−1.a0a1... ∈ {1, ..., k}Z is in S(Π), if and only if
(a) aj ≠ aj+1∀j ∈ Z.
(b) (aj) does not contain more than λij repetitions of symbols i and j which are labels of two
adjacent faces.
(c) (aj) does not contain an infinitely repeated sequence of labels of faces meeting at a vertex.
Moreover, every equivalence class of such bi-infinite sequences corresponds to one and only
one billiard trajectory.
Proof. First we establish the necessity of (a), (b) and (c). (a) follows from the fact that
a billiard trajectory cannot hit the same hyperbolic plane twice because a geodesic cannot
intersect a hyperbolic plane more than once. For (b), suppose Fj, Fk be two adjacent faces of
Π. Using a suitable isometry we can consider without loss of generality that these two faces
are represented by the vertical hyperbolic planes {y = 0} and {ax + by = 0} in H3 for fixed
a, b ∈ R with a2+b2 ≠ 0, a ≠ 0. Suppose (b) does not hold and a billiard trajectory not starting
or ending in the vertex at ∞ of Π hits faces Fj, Fk more than λjk times. Each segment of
the corresponding billiard trajectory lying between Fj and Fk is part of a semicircle hitting{z = 0} plane orthogonally because it cannot be a straight line perpendicular to {z = 0}
otherwise it will hit the vertex at ∞. On unfolding this part of the trajectory we get a part
of an orthogonal semicircle. On projecting this part onto the x − y plane we see that the
projection is subtending an angle µjkΩjk > pi at origin which leads to a contradiction since
the projection is a euclidean straight line in x − y plane.
For (c), let Fj, Fk, Fl be three faces of Π meeting at a vertex v. Using a suitable isometry we
can consider without loss of generality that these three faces are represented by the vertical
hyperbolic planes {y = 0},{ax + by = 0} and {cx + dy = 0} with the corresponding vertex at∞. Let us label {y = 0} by 1, {ax + by = 0} by 2 and {cx + dy = 0} by 3 without any loss
of generality, as referred in figure 3. Suppose (c) does not hold i.e. there exists a billiard
trajectory whose code contains an infinite word w with wi ∈ {1,2,3}∀i. On unfolding the
corresponding part of the billiard trajectory we get a part of the geodesic which is euclidean
semicircle and orthogonal to x − y plane. (b) ensures that the copies of Π come out of any
euclidean circle drawn on the plane {z = 0}. Now a geodesic in H3 can hit only finitely many
copies of Π generated while unfolding, which contradicts the infinite cardinality of w.
Conversely, we choose a sequence (xi)i∈Z which satisfies (a), (b) and (c) after fixing an
ideal polyhedron Π in B3“ with faces labeled 1,2,3,4 in an arbitrary order. Thus the chosen
sequence (xi)i∈Z adheres to the restrictions imposed by (a), (b) and (c). We aim at creating
an algorithm that starting from (xi)i∈Z generates the corresponding unique billiard trajectory
in Π. We start by fixing an arbitrary point A inside Π. The sequence (xi)i∈Z dictates us how
to unfold the polyhedron Π in B. This procedure will produce copies of Π = Π0 which we will
label as Π(i) which serves as the reflected copy of Π(i−1) in the face labeled xi for i ≥ 1 and the
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Figure 3: An illustration of a vertex at ∞ defined by three vertically placed hyperbolic planes
reflected copy of Π(i+1) in the face labeled xi for i ≤ −1. Thus we get a bi-sequence (Π(i))i∈Z
of isometric copies of Π. We will label the bi-sequence of faces in which the reflections are
taking place as (pj)j∈Z. Note that pj is labeled xj∀j ∈ Z. The bi-sequence (pj)j∈Z obeys the
condition (1) of the lemma 3.1. Indeed, A is not contained in any face pj and pj+1 ⊂H+pj ∀j.
Next, we establish condition (2) of lemma 3.1. Let δ > 0 be the least of all distances between
all the non-adjacent planes of Π. Then d(pj+1,A) ≥ d(pj+1, pj) + d(pj,A) ≥ δ + d(pj,A) for
the non-adjacent planes pj, pj+1. Thus if we have infinitely many such pairs (pj, pj+1) of
non-adjacent planes for j ≥ 0, we get d(pj,A) → ∞ which ensures the condition (2) of 3.1.
This will define a unique limit point β ∈ ∂B. The unique geodesic emanating from α and
ending in β is the unfolded trajectory corresponding to the code (xi)i∈Z. If the non-adjacent
pairs of planes are not infinite in either direction then we look for the triples (pj−1, pj, pj+1)
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of non-adjacent planes of Π.
Theorem 3.3. For k ∈ 2N + 2, let Π ⊂ B3 be an ideal polyhedron with labelling as follows:
Mark the faces 1,2, ..., k in an arbitrary order and then the vertex defined by faces i1, ..., im
takes the label i1...im for each ij ∈ {1, ..., k}. Let Ωij denote the interior angle between the pair
of faces of Π labelled i and j ∀ i ≠ j and i, j ∈ {1, ..., k}. Further, assume that λij = pi/Ωij ∈ N
for each i ≠ j and i, j ∈ {1, ..., k}. Let G be the space of pointed geodesics on Π and X the
space of all bi-infinite sequences ...a−1.a0a1... ∈ {1, ..., k}Z satisfying (a), (b) and (c) from
Theorem 3.2. Then (G, τ) ≃ (X,σ).
Proof. Define h ∶ (G, τ)→ (X,σ) by h(γ, (θ, φ)) = ...aT−1(θ,φ).a(θ,φ)aT (θ,φ)...
h(γ, ((θi, φi), (θf , φf))) = h(γ′, ((θ′i, φ′i), (θ′f , φ′f)))⇒ ...aT−1((θi,φi),(θf ,φf )).a((θi,φi),(θf ,φf ))aT ((θi,φi),(θf ,φf ))... =
...aT−1((θ′i,φ′i),(θ′f ,φ′f )).a((θ′i,φ′i),(θ′f ,φ′f ))aT ((θ′i,φ′i),(θ′f ,φ′f ))...⇒ (aTn((θi,φi),(θf ,φf )))n∈Z = (aTn((θ′i,φ′i),(θ′f ,φ′f )))n∈Z
From 3.2, we have
(T n((θi, φi), (θf , φf)))n∈Z = (T n((θ′i, φ′i), (θ′f , φ′f)))n∈Zand a((θi,φi),(θf ,φf )) = a((θ′i,φ′i),(θ′f ,φ′f ))⇒ (γ, ((θi, φi), (θf , φf))) = (γ′, ((θ′i, φ′i), (θ′f , φ′f))).
This implies the injectivity of h.
We get the surjectivity of h again by using theorem 3.2 as each (aj)j∈Z ∈ S(Π) defines a
unique billiard trajectory γ, which in turn implies that with the corresponding ...a−1.a0a1...,
we get a unique base symbol a0, which defines a base arc ((θi, φi), (θf , φf)) on γ, giving a
unique pointed geodesic in G. We have
h(γ, ((θi, φi), (θf , φf))) = ...a−1.a0a1...
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h ○ τ((γ, ((θi, φi), (θf , φf)))) = h(τ((γ, ((θi, φi), (θf , φf)))))
= h((γ, T ((θi, φi), (θf , φf))))= h((γ, ((θ1i, φ1i), (θ1f , φ1f))))(Here ((θ1i, φ1i), (θ1f , φ1f)) is the reflected geodesic arc corresponding
to the incident ray ((θi, φi), (θf , φf)))= ...aT−1((θ1i,φ1i),(θ1f ,φ1f )).a((θ1i,φ1i),(θ1f ,φ1f ))aT ((θ1i,φ1i),(θ1f ,φ1f ))...= ...aT−1T ((θi,φi),(θf ,φf )).aT ((θi,φi),(θf ,φf ))aTT ((θi,φi),(θf ,φf ))...= ...a((θi,φi),(θf ,φf )).aT ((θi,φi),(θf ,φf ))aT 2((θi,φi),(θf ,φf ))...= σ(h(γ, ((θi, φi), (θf , φf))))= σ ○ h(γ, ((θi, φi), (θf , φf)))
Ô⇒ h ○ τ = σ ○ h, which implies h is a homomorphism.
Let U = [x−m...x−1.x0...xm] in (X,σ) be an open set in G . For a pointed bi-sequence
x ∈ U, we have corresponding (xn)n∈Z, which generates a billiard trajectory γ using 3.2. By
pointing out the base arc ((θi, φi), (θf , φf)) corresponding to symbol x0, we get a pointed
geodesic (γ, ((θi, φi), (θf , φf))). Let’s label its pointed bi-sequence by y = ...y−1.y0y1.... Since
x and y belong to same equivalence class, ∃ an s such that y[s−m,s+m] = x−m...x−1.x0...xm.
Therefore, (γ, T −s((θi, φi), (θf , φf))) has its associated pointed billiard bi-sequence
h(γ, T −s((θi, φi), (θf , φf))) ∈ U.
We construct m future and m past copies of Π in B3 by reflecting Π in its faces under the
order given by
h(γ, T −s((θi, φi), (θf , φf))) ∈ U.
Label T −s((θi, φi), (θf , φf)) as ((θ′i, φ′i), (θ′f , φ′f)).
Define δ1 as :
δ1 = min
i∈{1,...,k}{d∂B3(Ami , (θ′f , φ′f)), d∂B3(A−mi , (θ′i, φ′i))}.
Choose  such that 0 <  < δ1. If
(γ′, ((θ′i, φ′i), (θ′f , φ′f))) ∈ B(γ, ((θi, φi), (θf , φf))),
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then
[h(γ′, ((θ′i, φ′i), (θ′f , φ′f)))][−m,m] = x−m...x−1x0...xm.
Thus
h(γ′, ((θ′i, φ′i), (θ′f , φ′f))) ∈ U,
Ô⇒
h(B(γ, ((θi, φi), (θf , φf)))) ⊆ U.
Therefore, h is continuous.
Conversely, let
V = B(γ, ((θi, φi), (θf , φf)))
be open in G. Thus (γ′, ((θ′i, φ′i), (θ′f , φ′f))) ∈ V
if and only if
d∂D((θi, φi), (θ′i, φ′i)), d∂D((θf , φf), (θ′f , φ′f)) < .
We can tesselate B3 with Π and its copies generated by reflecting Π about its sides and doing
the same for the reflected copies along the unfolded geodesic generated by γ.
Label the vertices of Π arbitrarily by A1,A2, ....,Ak and the vertices of the ith copy of
Π by Ai1,A
i
2, ....,A
i
k. Define p to be the largest positive integer such that A
i
1,A
i
2, ....,A
i
k
are not in -ball about ((θi, φi), (θf , φf)) for i = −p,−p + 1, ...,0,1, ..., p. which means that
h−1([x−p...x−1x0...xk]) ⊆ V and thereby h−1 is continuous.
It is noted here that the space X described above is not closed as its limit points of type
wabc and abcw where a, b, c are symbols appearing on faces meeting at a common vertex, do
not lie in X.
X = {...x−1.x0x1... ∈ {1, ..., k}Z ∶ xi ≠ xi+1 ∀ i and ...x−1.x0x1... ≠ wabc, abcw for any
a, b, c ∈ {1, ..., k} sharing the same vertex and word w, ...x−1.x0x1... ≠ w(ab)µabw′,
µab > λab∀ labels a, b sharing an edge and arbitrary w,w′} (4)
Therefore, we go further and define the closure of X in {1, ..., k}Z, labelling it X˜. We can
split X˜ as X ∪X ′, where X ′ is the set of all limit points of X.
X˜ = {...x−1.x0x1... ∈ {1, ..., k}Z ∶ xi ≠ xi+1∀i, ...x−1.x0x1... ≠ w(ab)µabw′, µab > λab∀ labels a, b sharing an edge and arbitrary w,w′}
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Thereby, X˜ has a finite forbidden set and thus is an SFT. This places X densely inside
X˜. X˜ being the completion of X is also the compactification of X.
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